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Appendix A: Solving the wave equation in cylin-
drical coordinates

The solution of the wave equation expressed in cylindrical coordinates leads to mod-
ified Bessel equation, which is just the Bessel equation for an imaginary argument.
This result is used in section 4.2.1.

Consider:

Seek separable solutions:

f(rztY=R(rZ(2)T(t)(A-2)

This yields:

2
Re AR 0 Zu_ 1T
rr T

R r 7 & (A-3)

Since R(r), Z(z) and T(t) are independent functions it follows that:

2_.2__ 2(A4)

where:

R R A2
.. .2 as)

2% = -, ] (A-6)
T

Equation A-6 has the trivial solution:

~ (A8

where the sign of the exponential has been chosen for convenience. Equation A-7
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has a similar solution:
ket i (A-9)
where again the sign of the exponential has been chosen for convenience, and:
(A-10)

Now solve A-5. First rearrange:

r°Re +rR, —(n*+17 )R =0(A-11)

This is just the modified Bessel equation which has the solution:

R(IF) = AKA(Ir Y+BI o0 )(A-12)

where I, is the modified Bessel function of the first kind, of order nand Kj, is the mod-

ified Bessel function of the second kind of order n. Hence a solution of A-2 is:

f(rzt)={AK,(r )+Bl,r )b "“™ 13

The general solution is formed by a sum over all combinations of k, and w which

gives:
f(rz,t)= }}{AKn(Ir )+BI, (r B Uk do
oo (A-14)

There is a factor of 41 difference between this and the solution in section 4.2.1. This

has no effect since we can scale A and B by 4, or any other factor.
Note: This is just the double Fourier transform of  f(rk,w,)

where f(r,k;,®) = AK,(Ir) +Bl,(Ir) .

Equations A-4 and A-10 together imply:

2
2 2 -

| “kz ~ 2 (A-15)
Equations A-14 and A-15 give the general solution to equations of the form A-1.

The scalar wave equation for P waves in cylindrical co-ordinates is:



1 a1
AT, @, =
(p.rr r(p.r (p.zz nch.tt(4_1)
where the P wave displacement potential @ =¢(r,z,t) and a is the P wave speed. Note

this is of the same form as A-1, with n=0. Hence the solution is given by A-14:

o, z,t) = }}{AKO (1,r) + Blo(l,r) ™ dk,dw
oo (A-16)

with

2
2 2 -

lp =kz = 2 (A-17)

The scalar wave equation for SV waves in cylindrical coordinates is:

g, +2p, -Ly+y, =Ly,
r r B (4-4)

where Y(hz,t) is the scalar SV displacement potential. This is just A-1 again, with =
and n=1. Hence the solution is given by A-14 as:

W(r.zt) = | I{AKl(ISr) + B, (I,r)}e“ ™ dk,dw
oo (A-18)

with:

2
o=

2_ 2
Is =kz " p2 (A-19)

The above solution can be used to study waves that originate in the fluid and are
refracted into the solid at the conduit wall. This solution includes body waves (P and
S waves) as well as interface waves such as Stoneley waves and pseudo-Rayleigh
waves [Biot, 1952; Cheng and Toksoz, 1980].

Waves which are reflected at the conduit wall correspond to real, rather than imagi-
nary, radial wavenumbers. These lead to the standard Bessel equation the solution
to which involves standard Bessel functions (J, and Y,,) rather than the modified

Bessel functions used throughout this thesis.
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Appendix B: Physical interpretation of solutions
to the wave equation

The wave equation solutions in 4-10 and 4-11 can be thought of as describing the
wavefield in terms of an infinite sum of plane waves propagating out from the origin
at all speeds and at all angles. This is because the integrand itself is approximately
the mathematical expression of a plane wave, which is true because the modified
Bessel functions [used in Chapter 4] are closely related to the exponential function
for small arguments. The superposition of these waves results in spherical waves.
Consider:

s on N kaz M(B-l)

Replacing / by the radial wavenumber k; gives:

RI . /—i Ir. r\a_ikzz oiwt (B'Z)

But for small arguments, /y(x) ~ € which leads to:

Rexn(—ij (k.r + k,7 —Wt)(B-3)
which expresses a plane wave.

By summing over all frequencies for constant vertical wavenumber the radial wave-
number expressed in 4-7 and 4-8 changes, i.e. the direction of plane wave propaga-
tion changes. By summing over all frequencies and all vertical wavenumbers, the
phase speed of the plane wave takes all values too. Phase speed is given by:

=+ (B4)
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Appendix C:. Derivatives of modified Bessel
functions

The recurrence relations for the modified Bessel function of the first kind, /,(x), are:

I n—1(X) + I n+l(X) = 2| n:x(X)

1 (9~ L () =220

These lead to useful formulae for the derivatives of Iy(Ir) and /4(Ir):

Sotiry

ar =|0:r=||1(C_1)
iLlﬂ.l’_).z - o
dr e =(lo—lar ) ©-2)

Similarly the recurrence relations for the modified Bessel function of the second kind,
Kn(x), are:

W/ [ .\NZZ W/ [N\

Kn-1(X)  Kns1(X) = 72K ik (X)
Kn—l(X) - Kn+1(X) == N

These lead to useful formulae for the derivatives of Ky(Ir) and K(Ir):

= Kor =7IK

or "(c-3)

9 K. (lIr) ]
'; 1) L = (Ko + Kar ™)
r (C-4)
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Appendix D: Modified Bessel functions and the
singularities of K, (Ir)

The modified Bessel functions /,(x) and K,(x) are equivalent to the usual Bessel

functions J,(x) and Y,(x) evaluated for purely imaginary arguments.

1 () = ()3 (x)
In n+l . .
Kn(¥) = 1" 30 %) *+i¥a ()]

This choice makes the functions real valued for real arguments x. The graph of these
functions shows that K,(x) has a singularity for x=0, and that /,(x) increases approxi-

mately exponentially.

For x>>n the following formulae are valid [Press et al., 1992, p229-231]:

In(x) = eX
) o

Kn(x) = ,m__ex

Singularities of K,(Ir) correspond to Ir=0, that is:

(D-1)

Hence there are singularities at r=0 and /=0. The singularity at r=0 means that K(Ir)

cannot describe the wavefield in the fluid unless a source is present. More interesting
is the singularity at /=0. This implies:

2
2 2

I “kz 7™ 2 =0(p-2)

Or:

@
.=+ (D-3)
So singularities occur for real values of k,. But if a (constant) imaginary part is intro-

duced to the frequency w then singularities only occur for complex values of k,, and it
becomes possible to integrate along the real k, axis.
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Appendix E: Fourier transforms

Throughout this thesis the conventions adopted for Fourier transforms are:

00

(@)= [f e dt €1

(ko) = [f (z)eikzzdz:(E_ 2

which imply the corresponding inverse Fourier transforms:

e ) it
f(t)= ot Lf (W)e dw E3)

— J— ) —ikzz
@ =" [ f(k)e dK(E_4)

We use the following special functions:

5w — v = E]Tl X = Xo
(X~ x0) M X7* Xo the Dirac delta function

X > X,

H(X—X,) = }6(x —Xg)dx = %

X< Xo the Heaviside function.

EIO X > X,
B(X) =HX=X%) ~HX=Xo) =L X, <X<X,
B) X< Xo

the Boxcar function.

Some useful transforms pairs are:

ﬁu —+~\ o A_iw(o (E'5)

~iWo

H(t ~to) = iex (E-6)
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: -iety o

B(t)w = - (E7)

N Si(@-0)te _ i (@-0oty

©E T ey e
-icty -iato

e
tB(t), -

. e .
0> (I+iot,) - 02 (1+iot,)

(E-9)

and:

Ale— o\ o X (E-10)

H _ _ ~ikzzo
(27 ) il. (E-11)
ikzz1 _ ikzzo
B(Z)Zl o
“ ik.  (E-12)
ei(kz_ko)zl _ ei(kz_ko)zo

—ikoz t P} -
B, ik, ko)  (E-13)

ik,zy e—ikzzo
2 (1-ik,z,) -7(1-ikzzo)
z 2 (E-14)

e

282, =

These results are used extensively in section 4-4 and listed here because they are
not included in advanced mathematical textbooks.
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